Abstract. There is a family of seventh-degree polynomials H whose members possess the symmetries of a simple group of order 168. This group has an elegant action on the complex projective plane. Developing some of the action's rich algebraic and geometric properties rewards us with a special map that also realizes the 168-fold symmetry. The map's dynamics provides the main tool in an algorithm that solves "heptic" equations in H.
Introduction and overview
The alternating group A 7 contains a special subgroup G 168 of order 168. In the 1870s Klein found two linear representations of G 168 on C 3 that project to an action K 168 on CP 2 . As a subgroup of the symmetric group S 7 whose order is divisible by seven, K 168 is a candidate for being the symmetry group of certain seventh-degree equations. Following an established course, we develop an iterative procedure that solves a "heptic" of this type. The core of the algorithm is a K 168 -symmetric map on CP 2 whose dynamical output effectively breaks the polynomial's symmetry and thereby provides for the computation of a root.
The treatment unfolds in stages beginning with a combinatorial construction of Klein's linear groups K 1·168 and K 2·168 that, in contrast to the discrete group theoretic approach taken by [K] and [F] , exploits the geometry and combinatorics of the seven-point projective space and the threedimensional octahedral group. It reproduces many of the results due to Klein and Fricke while uncovering some new geometric features. With the action in hand, we develop the groups' respective systems of invariant differential forms the results of which are then brought to bear on the rich geometry of K 168 and the central question of maps with K 168 symmetry. Geometrically, a K 168 -equivariant sends a group orbit to a group orbit. In algebraic terms, such a map commutes with the action. The study's main result is the discovery of a special map h whose strong form of critical finiteness yields global dynamical properties. Finally, h provides for a reliable heptic-solving algorithm: for almost any K 168 -symmetric heptic and for initial points in an open dense subset of CP 2 , the iterative process computes one (maybe two) of the equation's roots.
2. Constructing Klein's group 2.1. A combinatorial description. The finite projective plane Z 2 P 2 obtained from Z 3 2 = Z 2 × Z 2 × Z 2 consists of seven points and seven lines. Figure 1 depicts a well-known representation of this space where the points appear as 1, . . . , 7 and the lines as 124, 137, 156, 235, 267, 346, 457. (The choice of labels stems from the arithmetic of Z 7 in which 1, 2, 4 are the squares and the remaining triples arise by "translation.") Any pair of points a, b (lines L, M ) determines a third point c on abc (line concurrent with L and M ). Furthermore, given two points d, e (lines O, P ), some collineation γ that sends a to d and b to e (L to O and M to P ). The choice of a, b determines γ(c). The image of any one of the four points (lines) that remain can be any of those four points (lines). Choosing the image for one of the four points also specifies the image of the three remaining points (lines). Accordingly, the collineation group PGL 3 (Z 2 ) of Z 2 P 2 is isomorphic to a subgroup of the symmetric group S 7 -indeed, of the alternating group A 7 -whose order is 168 = 7 · 6 · 4. Selecting a point a (line abc) divides the lines (points) into two classes: the three lines through a (points on abc) and the four lines that avoid a (points not on abc). Under PGL 3 (Z 2 ), the combinatorics of these two sets of lines (points) is isomorphic to that of the octahedron's three pairs of antipodal vertices and four pairs of antipodal faces respectively. Applying octahedral motions, the former permute by S 3 while the latter undergo S 4 behavior. Indeed, S 3 is the quotient of S 4 by a canonical Klein-4 group whose elements correspond to the rotations by π about the three axes through antipodal vertices. Thus, the stabilizer in PGL 3 (Z 2 ) of a point or line is isomorphic to S 4 and permutes the six complementary points (lines) as the six pairs of antipodal octahedral edges.
To illustrate, consider the stabilizer Σ 7 of 7. The octahedral configuration-realized by the cube-appears in Figure 3 . In Σ 7 , the special Klein-4 group V 7 corresponds to the permutations {(1), (13)(26), (13)(45), (26)(45)} which pointwise stabilizes the three antipodal face-pairs. Thus,
is the group of permutations of the face-pairs. Furthermore, Σ 7 contains three conjugate Klein-4 subgroups formed, according to the geometry of Z 2 P 2 , by intersections with the stabilizers of points other than 7. Furthermore, each of these groups is the canonical Klein-4 subgroup V ab7 of the stabilizer of a line ab7: {(1), (13)(26), (12)(36), (16)(23)} = Σ 4 ∩ Σ 5 = Σ 4 ∩ Σ 7 = Σ 5 ∩ Σ 7 = V 457 {(1), (13)(45), (15)(34), (14)(35)} = Σ 2 ∩ Σ 6 = Σ 2 ∩ Σ 7 = Σ 6 ∩ Σ 7 = V 267 {(1), (26)(45), (24)(56), (25)(46)} = Σ 1 ∩ Σ 3 = Σ 1 ∩ Σ 7 = Σ 3 ∩ Σ 7 = V 137 .
(Note that collineations are conflated with their corresponding permutations.) For a pair of points, the stabilizer is a dihedral group D 4 , but not a subgroup of either point stabilizer. For instance, The structure among these groups appears in Figure 2 .
Figure 2. Groups associated with the triple of points {1,3,7} Figure 3 . Combinatorics of the cube associated with Σ 7
When the stabilizers of a point a and line bcd meet, the result depends on whether or not the point is on the line. If a ∈ bcd, the intersection is a D 4 . Otherwise, the result is a D 3 . By way of example, (24)(56)}. Taking into consideration their intersections, the Σ k account for 120 members of PGL 3 (Z 2 ). The remaining 48 elements are 7-cycles. To see this, let the 7-cycle be (1abcdef ) and note that a can be any of the six points other than 1. Then b is not on the line containing 1 and a; otherwise, the result would be the cycle (1a) or (1ab). So, four choices remain for b. Now, b cannot go to the third point on the line containing a and b-leaving three possibilities for c. However, 1 and b determine a third point h on 1bh and a and h determine a third point g on agh. Accordingly, c = g-otherwise, 1bh → ach and h would be fixed. Thus, the number of 7-cycles is 48 = 6 · 4 · 2.
Since the Σ k are conjugate, the cycle structure of their elements determines a conjugacy class for PGL 3 (Z 2 ). The 7-cycles split into two classes characterized by an element and its inverse. 2.2. From combinatorics to geometry. By situating the cube so that its vertices are (±1, ±1, ±1), the corresponding octahedral action O 7 on CP 2 (or RP 2 ) is expressed by the following elements of SO 3 (C): Figure 3 , E a is an order-2 rotation about the a edge-midpoints, F abcd is an order-4 rotation about the faces surrounded by a, b, c, d, and V abc is an order-3 rotation about the vertex pair attached to a, b, c.
Referring to
By orthogonality, O 7 preserves the quadratic form
. Now, the idea is to generate over O 7 an action K 168 ≃ PGL 3 (Z 2 ) on CP 2 . The procedure determines 1) six quadratic forms C 1 , . . . , C 6 other than C 7 that O 7 permutes as octahedral edge-pairs and 2) an order-4 transformation Q ∈ O 7 that permutes the C k -up to a multiplicative factor-in a way that agrees with the combinatorics of PGL 3 (Z 2 ). First, arbitrarily select (1326)(57) to be the action of Q on the C k . Then employ undetermined coefficients for Q and the C k and enforce the combinatorics of O 7 and Q on the C k . The result is a system of seven quadratic forms C k that realizes the combinatorics of PGL 3 (Z 2 ) under the group
has order 7 and acts on the C k by (1357246). The products E k Q and QE k (k = 1, 2, 3, 6) account for the 48 elements of order 7. It turns out that the matrices given for O 7 and Q permute the C k simply-no multiplicative character appears. This fact implies that
Otherwise, K 168 would act on the conic { 7 k=1 C k = 0}-a CP 1 . A further consequence concerns linear representations that project to K 168 . Proposition 2.1. The projective group K 168 lifts one-to-one to a group of linear transformations K 1·168 .
Proof. Lift O 7 and Q to matrices in the literal way and let K be the group of linear transformations they generate. Note that K ⊂ SL 3 (C) so that the only elements of K that can project to the identity are ρ k I where I is the identity matrix, ρ = e 2πi/3 , and k = 0, 1, 2. But, if k = 0, the action of K on the C k gives rise to the character ρ or ρ 2 . Thus, I is the only element of K that projects to the identity and the projection is one-to-one.
We can extend K 1·168 to a double cover of K 168 :
For each of the 21 involutions
and so pointwise fixes a plane-as well as its defining linear form-and setwise fixes a line in C 3 . In CP 2 , the projective version of Z fixes a line and point. Since the 21 transformations −Z generate K 2·168 , this group possesses the rich structure of a complex reflection group. (See [ST] .)
The combinatorial agreement between PGL 3 (Z 2 ) and K 168 gives rise to a second system of seven quadratic forms and conics: the sums of the triples C a + C b + C c where abc is a line in Z 2 P 2 . The resulting forms are:
. Attention now turns to the elegant algebraic and geometric structures connected to these forms and their associated conics.
Algebra of invariants
In the search for special maps with K 168 symmetry, the algebra and geometry of K 168 invariant forms are illuminating. A basic tool of classical invariant theory is the Molien series: a formal power series associated with a linear representation of a finite group whose coefficients express the dimension of the space of polynomial invariants in the associated degree. By extension, there is a two-variable Molien series for the invariant differential forms under the group's action on the exterior polynomial algebra Λ(C n ). Of course, the space of polynomials is identified with the 0-forms. Given an invariant p-form α of degree ℓ, the exterior derivative dα is an invariant (p+1)-form of degree ℓ − 1. Also, for an invariant q-form β of degree m, α ∧ β is an invariant (p + q)-form of degree ℓ + m.
Molien's Theorem provides a generating function for the the series.
Theorem 3.1. Let G be a representation on C n of a finite group. Then the extended Molien series is
where Λ G k,ℓ is the space of G-invariant k-forms with polynomial degree ℓ, T is a transversal for the conjugacy classes of G, and C A is the conjugacy class of A.
Application of the theorem to the lifts of K 168 to C 3 yields interesting and, eventually, useful results. The infinite nature of these series is due to the process of promoting a k-form α of degree-ℓ to a k-form of degree ℓ + m under multiplication by a 0-form of degree m. In particular, the effect of promoting K 1·168 -invariant k-forms by K 2·168 -invariant 0-forms disappears upon dividing the series for the former by that for the latter. The result is a finite sum. Rearranging the factors yields the generating function for the simple lift of K 168 :
( As for interpreting these results, consider first the series for the reflection group K 2·168 . Manifesting a result of reflection group theory, its generating function indicates that the invariant 0-forms are, under the three-dimensional action K 2·168 , polynomial combinations of three basic forms-call them F , Φ, and Ψ-whose respective degrees are 4, 6, and 14. The invariant 1-forms are generated as a module over the 0-forms by the three exterior derivatives dF , dΦ, and dΨ whose degrees are 3, 5, and 13. In a similar way, the three products dF ∧ dΦ, dF ∧ dΦ, and dΦ ∧ dΨ of degrees 8, 16, and 18 generate the module of 2-form invariants. Finally, the invariant 3-forms are the multiples of dF ∧ dΦ ∧ dΨ. Here another general reflection group property is realized: when expressed in coordinates as dF ∧ dΦ ∧ dΨ = X(x)dx 1 ∧ dx 2 ∧ dx 3 , the degree-21 expression X is, up to a constant multiple, the product of the 21 linear forms fixed by the involutions that generate K 2·168 . This fact accounts for the factor t 21 in the Molien series. Of course, X = det J(F, Φ, Ψ) where J(f, g, h) is the Jacobian matrix of f , g, and h. Note that X is not a K 2·168 invariant, but rather a relative invariant where
From the generating function for K 1·168 we glean that F , Φ, Ψ, and X generate the ring of
for some polynomial P that will be specified below. In the case of 1-forms, three new entries ζ, η, and θ appear in degrees 10, 12, and 20. Evidently, θ = dX. However, ζ and η are not exterior derivatives so that dζ and dη do not vanish identically and account for the 2-forms of degrees 9 and 11. The remaining item is the degree-1 "identity 2-form" expressed by
Notice the numerological duality between 1-forms and 2-forms: each 1-form has a companion 2-form such that the degrees sum to 21; to wit, 3 + 18, 5 + 16, etc. For an invariant theoretic account of this phenomenon see [S] .
4. Geometry 4.1. Configurations.
4.1.1. Octahedral conics. Each quadratic form C k and C abc defines a conic
as a CP 1 endowed with the structure of an octahedron. Due to their connection to PGL 3 (Z 2 ), call the Γ k "point-conics" and the Γ abc "line-conics." In parallel to the treatment of the combinatorics under PGL 3 (Z 2 ), two types of intersection can occur between these systems of conics. When
In fact, L acb is pointwise fixed by an involution Z acb that lifts to one of the 21 generating reflections in K 2·168 . The six points on Γ b given by intersections of this type are octahedral vertices; overall, they belong to an orbit of 42 points and determine the orbit of 21 mirrors for the reflection group K 2·168 . (For ease of reference, call such a point or line a "42-point" or "21-line" and employ this style of terminology to orbits of any size.) The dihedral structure here appears when two octahedra are "joined" along an axis through a pair of antipodal vertices.
In case k ∈ {a, b, c}, the intersection consists of two points p abck 1,2 on a line L abck with a D 3 stabilizer. Intersections of this kind give, on a single conic, the eight face-centers of the octahedron and, over all conics, orbits of 56-points and 28-lines. Here, two "intersecting" octahedra meet along an axis through an antipodal pair of face-centers at an angular separation of 180 • . This D 3 structure-illustrated in Figure 7 -will play a heuristic role in determining a symmetry that exchanges the two system of conics.
Furthermore, the lines tangent to Γ b at a pair of 42-points p acb 1,2 intersect in a 21-point q acbthe pole of L acb with respect to Γ b -fixed by Z acb . A similar situation produces a triangle of two 56-points and a 28-point. Figure 4 illustrates the configuration.
As an example, Table 2 indicates how special lines fall on Γ 7 . The 12 edge-midpoints on Γ 7 belong to a K 168 orbit of 84-points. Where do the lines tangent to Γ 7 at a pair of antipodal edgemidpoints meet? Facts bear out the notation's suggestion: the 21-point q 371 lies on each of the lines tangent to Γ 3 and Γ 7 at their respective intersections with L 371 . The twelve remaining 21-lines hit Γ 7 in an octahedral orbit of 24 points. Such an orbit is typically generic, but this one has special significance. Are they the vertices of a special truncation of the octahedron?
"great circles" of edges Antipodal edges Table 2 . Special lines through Γ 7 Figure 4 . Intersecting conics 4.1.2. Real projective octahedra. An octahedron defines a natural antipodal structure on a sphere. Relative to an octahedral conic, a point X and its antipode X determine a polar point P (X) in CP 2 . The collection
is an octahedral RP 2 with 3 vertices, 4 faces, and 6 edges. For R 7 , the preceding discussion shows that
• the vertices are 21-points: q 137 , q 267 , q 457
• the face-centers are 28-points: q 1247 , q 1567 , q 2357 , q 3467
• the edge-midpoints are 21-points: q 371 , q 173 , q 672 , q 276 , q 574 , q 475 .
Combinatorial considerations showed that two octahedral groups in the same system O a and O b intersect in one of the three conjugate Klein-4 subgroups of each octahedral group. We can realize this structure with polyhedra by superimposing two cubes each one representing an octahedral group by means of the combinatorics of its edge-pairs. That is, the edge-pairs of the "a-cube" and "b-cube" are labeled by {1, . . . , 7}− {a} and {1, . . . , 7}− {b} respectively. The triple abc determines a third c-cube. Arrange the three cubes in the following way. (See Figure 5 .)
• The a-edge on the b-cube (c-cube) cuts diagonally across the face of the b-cube (c-cube) whose edge-labels are {1, . . . , 7} − {a, b, c}.
• The b-edge on the a-cube (c-cube) cuts diagonally across the face of the a-cube (c-cube) whose edge-labels are {1, . . . , 7} − {a, b, c}.
• The c-edge on the a-cube (b-cube) cuts diagonally across the face of the a-cube (b-cube) whose edge-labels are {1, . . . , 7} − {a, b, c}.
To illustrate, let {a, b, c} = {4, 5, 7}. The three groups O 4 , O 5 , O 7 meet in the Klein-4 group whose action on edges of each cube is (12)(36), (16)(23), (13)(26)}.
Applied to the configuration of cubes on a sphere, the edges labeled 4, 5, and 7-two pairs from each cube-yield three mutually orthogonal great circles that form an octahedron. By dualizing the three cubes to octahedra, we find the geometric manifestation of the combinatorial phenomenon depicted in Figure 2 . A model of this structure appears in Figure 6 . Each octahedron-red, blue, green-contributes one (thick) great circle to produce a fourth octahedron whose symmetry group Being D 4 -stable, a 21-point q acb is fixed by four reflections other than Z acb . Hence, four 21-lines contain q acb with an intersection multiplicity of 6 = 4 2 . Similarly, a D 3 -stable 28-point q abcd lies on three such lines. These concurrences account for all intersections of 21-lines. In numerical terms, Accordingly, L acb contains four 21-points and four 28-points. The notation readily tells us which ones. First, consider the 7 × 7 array of Table 3 that distinguishes 21 entries in an obvious way. For the 253 entry, its row and column each contain two other entries indicating which 21-points belong to L 253 (or, by a K 168 duality, which 21-lines contain q 253 ):
The rows and columns containing these four entries intersect in four empty cells that correspond to the 28-points on L 253 , namely, q 1372 , q 1375 , q 3462 , and q 3465 . Finally, the row and column of the 1247 cell each have three entries. For each such row, there's exactly one column with a shared entry. These three entries give the 21-lines on a 28-point:
In the dual situation, the three respective poles q 371 , q 672 , and q 574 of these lines relative to the associated pair of conics lie on L 1247 . As for the action on conics by Z 253 , the column entries 173 and 463 indicate that the permutation of point-conics and line-conics undergo (17)(46) and (124 267)(156 457). 4.2. Antiholomorphic symmetry and special coordinates. As an analogue to the icosahedral and Valentiner groups, K 168 extends to a group of order 336 by an antiholomorphic involution that exchanges the two systems of octahedral conics. (See [C1] , § 2C.) Adopting the approach taken in the Valentiner case, we look for a heuristic that suggests a permutation between point and lineconics. ([C1] , § 2D) Recall the device of regarding the intersection of a point and complementary line-conic as a superposition of octahedra that "meet" at an antipodal pair of face-centers. Figure 7 shows such an intersection for Γ 7 (solid line segments) and Γ 124 (dashed segments) as planar nets whose edge-labels corresponding to the respective conics. Treating this image as two octahedra viewed from above the "intersecting" faces-one pair at the north pole and the other at the south, a reflection in the equatorial plane exchanges the octahedra and acts on the edges as follows: 1 ↔ 137 2 ↔ 267 4 ↔ 457 3 ↔ 156 6 ↔ 235 5 ↔ 346.
This pairing of point and line-conics also emerges through examination of the 7 × 7 array.
An antiholomorphic involution that exchanges conics in the suggested way-of course, 7 ↔ 124-would fix the 28-points q 1247 , q 1563 , q 2356 , and q 3465 . For historical reasons, such a map is called bub 1247 . A candidate for bub 1247 is the conjugation map [y 1 , y 2 , y 3 ] −→ [y 1 , y 2 , y 3 ], a condition that requires the specified points to be expressible by real coordinates. Accordingly, making a change to y coordinates in which these points are symmetrically arranged to be and C 124 (y) = C 7 (y).
The above-mentioned degree-two extension of K 168 appears as
Each of the 28 point and line-conic pairs (Γ k , Γ abc ), k ∈ {a, b, c}, is canonically associated with an antiholomorphic involution bub abck the collection of which generates K 336 . Moreover, each bub abck pointwise fixes an RP 2 . For bub 1247 , the "mirror" is
which, as Figure 8 shows, is geometrically determined by the pair of conics (Γ 124 , Γ 7 ). Let p ∈ Γ 7 and T p Γ 7 be the line tangent to Γ 7 at p. Then the point
is fixed by bub 1247 . As p ranges over Γ 7 , R(p) covers the D 3 -symmetric R 1247 . Since there is a second point on Γ 7 whose tangent line passes through R(p), the map R : Γ 7 → R 1247 is, as it should be, two-to-one. Upcoming discussions will further explore the geometry of the RP 2 mirrors and will benefit from use of y coordinates. 4.3. Klein's quartic and other basic invariants. The Molien series reveals the presence of a unique lowest-degree K 2·168 invariant in degree four. Since K 2·168 permutes the octahedral quadratic forms C k , symmetric functions in the C k are K 2·168 invariant. In particular, C 2 k gives a non-zero polynomial; when expressed in y and a common numerical factor is dropped, the result is
The unique sixth-degree invariant is given by C 3 k . Alternatively, the determinant of the Hessian matrix H(F ) of F produces this form:
Here, α Φ removes the highest common factor of the coefficients.
A third and final generator Ψ for the K 2·168 invariants results from applying the classical tool of the "bordered Hessian." Removing a common integer factor Computing the relation among the basic K 1·168 invariants,
The curve F = {F = 0} is the celebrated Klein quartic. To touch on the rich geometry of this surface, its inflection points lie on G = {Φ = 0} and form a 24-point K 168 orbit. A 24-point is fixed by an order-seven transformation so that the orbit decomposes into eight triples-the three points fixed by each Z 7 subgroup. Reproducing one of Klein's pictures, Figure 9 displays F (black) and G (red) on the affine plane {y 3 = 0} in R 1247 in the symmetrical y coordinates. In this space, F ∩ G consists of two triples of 24-points each of which forms a triangle of lines that are tangent to one of the curves at a 24-point. The curves' three axes of symmetry are RP 8, 9, 11, 16, and 18 . By a previous discussion on invariant 2-forms, the even degree maps are given by where ∇ indicates a formal gradient operator and × is the cross product. For example, expressed in coordinates
Moreover, these three maps generate the K 2·168 equivariants. As for the odd-degree maps, the only obvious case is the identity. Whether there is an exterior algebraic procedure that produces the maps g 9 and g 11 in degrees 9 and 11 is unknown. Here, our concern is computing these maps. Since X · g 9 is a degree-30 K 2·168 equivariant, it can be expressed by a combination of suitably promoted versions of ψ, φ, and f . That is, for some a k ,
By solving a system of linear equations, we can choose the a k so that the "30-map" vanishes at {X = 0} and so, is divisible by X. Dividing by X and a common integer factor produces g9 =[27y 5.2. A special map. For a group action G , an equivariant g, and a point a fixed by T ∈ G,
Accordingly, a point fixed by Z acb has an equivariant image that's also fixed by Z acb . Thus, a 21-line L acb either maps to itself or collapses to its companion point q acb . Under a holomorphic map, the only possible outcome is the line's preservation.
On numerological grounds, the family of 15-maps offers a special opportunity. Since the critical set of a 15-map has degree 42 = 3(15 − 1), there could be a map whose critical set is the 21-lines with multiplicity two. Such an outcome would follow a pattern found in the S n actions on CP n−2 . (See [C2] .)
The K 1·168 equivariant 15-maps are given by
where ǫ denotes the identity map. Taking the a k so that det J(g 15 )| {X=0} = 0 yields h = 827 14
= [27(816y The condition for vanishing on {X = 0} implies that det J(h) = GX where G is a degree-21 K 1·168 invariant. Since X is the only such invariant, det J(h) is divisible by X 2 as well.
By preserving 21-lines, h acquires a strong form of critical finiteness; to wit, the restriction h| L acb is also critically finite with critical points where the other 21-lines meet L acb , namely, the 21 and 28-points. Arguments adapted from [C2] for maps of this type establish two significant results.
Theorem 5.1. Under K 168 , h is the unique holomorphic equivariant that's doubly critical exactly at the 21-lines.
Furthermore, h possesses global dynamical properties that qualify it for the leading role in a reliable heptic-solving algorithm Theorem 5.2. The 21 and 28-points are superattracing fixed points whose basins exhaust the Fatou set F h and are dense in CP 2 .
The geometric character of h appears in its basins of attraction. Figure 10 shows the basin plot for h = h| L 371 where we see the line as C. Symmetrical coordinates are chosen so that the 21 and 28-points are q 173 = e πi/4 q 241 = e 3 πi/4 q 137 = e 5 πi/4 q 561 = e 7 πi/4
√ 7 and the map is given by
As a one-dimensional map h has 28 = 2 · 15 − 2 critical points. Under restriction, the critical multiplicities of the 21 and 28-points increase to four and three respectively. Since its y-coefficients are real, h preserves R 1247 and, by symmetry, each reflection RP 2 . Appearing in Figure 11 is a basin plot for h restricted to the affine plane {y 3 = 0} of Figure 9 . The y-coordinates place the four 28-points at
while the three 21-points are on the line at infinity {y 3 = 0}:
Due to their location at infinity, the plot routine shows a single basin for the 21-points. The treatment here follows that developed for the sextic. A detailed account appears in [C1] , § 4. 6.1. Parameters for K 168 . To solve an equation, the fundamental task is to invert an appropriate system of functions that shares the equation's symmetry. The most familiar instance of this condition is the system of elementary symmetric functions whose values are prescribed by a polynomial's coefficients. In the case of a heptic with K 168 symmetry, the two degree-0 rational functions of
when values for K 1 and K 2 are chosen. Note that assigning a value to K = (K 1 , K 2 ) fails to produces every orbit; neither the 24-points (where {F = 0} ∩ {Φ = 0}) nor the 56-points (where {F = 0}∩ {Ψ = 0}) correspond to a value for K. Finding the roots of a K 168 heptic requires solving Klein's form problem which amounts to inverting these functions for a specific K.
6.2. Resolvent with K 168 symmetry. Taking the degree-0 rational functions
to be the roots of a polynomial
the b k are K 2·168 -invariant-recall that the P k are permuted by K 2·168 . Accordingly, each coefficient is expressible as a rational function in the basic invariants F , Φ, and Ψ. Converting to K 1 and K 2 , An algorithm that harnesses the dynamics of the 15-map h will compute a root of almost any member of this two-parameter family of heptic resolvents.
6.3. Self-parametrizing K 168 . Using K 1·168 invariants and equivariants, define the coordinate change u = T y w = Ψ(y) · y w 1 + Φ(y) · g 9 (y) w 2 + F (y) · g 11 (y) w 3 that is parametrized by and has degree-15 in y. By construction, the map has an equivariance property in y:
Treating u as reference coordinates-with verbatim replacement of y by u, let K u denote the uexpression of K 168 that acts on the u-space CP 2 u so that the y-parametrized family of
acts on the w-space CP 2 w . Each K w y admits its system of invariants and equivariants. In the lowest-degree case,
has degree 60 = 4 · 15 in y and degree 4 in w. By equivariance in y, the coefficient of each monomial in w is K 1·168 invariant. Expressing these coefficients in terms of F (y), Φ(y), and Ψ(y) gives rise to a K-parametrized form
Its explicit form appears at [C3] . The remaining invariant and equivariant forms stem from F K . For clarity, let a variable subscript refer to differentiation. Using transformation properties for the Hessian determinant and defining
we obtain a K w y invariant whose w-degree is six:
Similar considerations yield forms of degrees 14 and 21:
As for equivariant maps, a transformation formula for the gradient operator produces
With analogous definitions, maps in degrees 16 and 18 arise:
We can now establish a K-parametrized version of the special 15-map h. As a preliminary issue, observe that by degree counting and computation, det T y = −2 4 3 2 7 13 F ΦΨX. 
By working directly in degree 36 = 15 + 21, the unique map divisible by X K (w) and doubly critical at {w | X K (w) = 0} is given by 
For a map on CP 2 w , take
so that the 15-map is
The final task is to harness h K 's dynamics to a root-finding procedure.
6.4. From dynamics to a root. Direct computation yields (octahedral) O ℓ invariants A ℓ in degree-10 such that 1) the A ℓ are simply permuted by K 1·168 and 2) at a 21 or 28-point, all but one of the A ℓ vanish. Furthermore, B ℓ (y) = 2401(57 + 11 √ 7 i) 18432
is the degree-0 rational function normalized so that it takes on the value 1 at those 21 or 28-points where it fails to vanish. Explicitly,
A choice of values K = (K 1 , K 2 ) gives a resolvent R K whose roots are P ℓ (y). Define the K yinvariant rational function J y (w) = 7 ℓ=1 B ℓ (T y w)P ℓ (y).
Being degree-0 in y, J y (w) converts to J K (w) whose w-coefficients are expressions in K. Given a 21 or 28-point W in CP 2 w , there is a 21 or 28-point U = T y W in CP 2 u . When evaluated at W , all but one value B ℓ (T y W ) = B ℓ (U ) vanishes-when ℓ = m, say. Thus,
is a root of R K .
Hence, a root of R K results from finding a 21 or 28-point in CP 2 w . The dynamics of h K provides a means to this end: from a symmetry-breaking random start w 0 , iteration of h K locates a 21 or 28-point under the K w y action. Mathematica files that implement the heptic-solving algorithm are available at [C3] . 6.5. Obtaining a second root. In order to locate a 21 or 28-point in CP 2 w , the heptic algorithm above relies on their attracting nature under h K . However, as a trajectory {h ℓ K (w 0 )} nears a 21 or 28-point it does so along one of the attracting 21-lines. We can use this piece of line-specific information to compute a second root of the resolvent R K . What we need is a means of finding a second 21 or 28-point V such that J K (V ) is a root different from the first. The special behavior of ψ gives us a tool for the task.
Since ψ = ∇F × ∇Φ, the map's geometric effect on a point a produces a second point ψ(a) as the intersection of two lines: ψ(a) = {∇F (a)
T y = 0} ∩ {∇Φ(a) T y = 0}.
When a lies on a 21-line L acb , the lines that determine ψ(a) each pass through q acb , a concurrence that reflects the K 168 duality between points on a 21-line and the pencil of lines through its companion point. Thus, ψ(L acb ) = q acb . This "blowing-down" of the 21-lines requires their intersections-the 21 and 28-points-to blow up, that is, for any lift ψ and q of ψ and a 21 or 28-point q, ψ( q) = 0. By watching ψ K (h ℓ K (w 0 )) for fixed point behavior, we can tell when h ℓ K (w 0 ) has found a 21-line. Then J K (ψ K (h ℓ K (w 0 ))) approximates a root of R K . Unfortunately, this might give the same root as J K (W ) where W = lim ℓ→∞ h ℓ K (w 0 ). For instance, let the 21-line be L 137 which contains the 21-points q 267 and q 457 . When evaluated at either of these points, the root selector J K gives the same result as it does at q 137 , the image of the blown-down line. So, if the iteration finds one of the other two 21-points or one of the four 28-points on L 137 , blowing down the line provides for a second root.
In practice, this tactic requires some vigilance. Applying ψ K is effective only after the trajectory reaches the vicinity of a 21-line but before it closes in on a 21 or 28-point. By allowing h ℓ K (w 0 ) near a 21 or 28-point, the blow-up of the points onto their companion 21 or 28-line overwhelms the blow-down of the 21-line.
